We propose a gravitational energy-momentum tensor of the general relativity obtained using Noether theorem. It transforms as a tensor under general coordinate transformations. One of the two indices of the gravitational energy-momentum tensor labels a local Lorentz frame that satisfies the energy-momentum conservation law. The energies for a gravitational wave and a Friedmann-Lemaitre-Robertson-Walker universe are calculated as examples.
I. INTRODUCTION
Defining the gravitational energy-momentum tensor (GEMT) has been a long-standing problem in general relativity [1, 2, 3] . To derive an expression for the GEMT is fundamental and significant; its derivation would be very useful for other fields of general relativity.
Several definitions of GEMT have been proposed. However, they are quite disparate and are not proper tensors [4, 5, 6, 7, 8, 9] .
In this paper we develop a proper GEMT using Noether theorem [10] . The important aspect introduced here is that in this theorem the general coordinate transformation must be written with tetrads. It induces the GEMT, which has an index for a local Lorentz frame that ensures the energy conservation law.
The organization of this paper is as follows. In Section II, we present a derivation of the GEMT via Noether theorem, in which the energy-momentum tensor depends on the volume terms and surface terms in the action. In general relativity, there are various physically different ways of decomposing the volume and surface terms. Mathematically, though, there are two different ways. Although the definition of the energy-momentum tensor of Noether theorem induces different formulae in the different decompositions, we can show that they are the same via identities.
The GEMT that is obtained by above method is not symmetric. Nevertheless, we acquire a symmetric GEMT using the conservation law for spin angular momentum tensor. When we consider a restricted region of space-time, we have to introduce Gibbons-Hawking term (GH term) [11] in the action. According to the GH term, we have to add extra terms in the GEMT.
In Section III, we evaluate the gravitational energies of a gravitational wave and Friedmann-Lemaitre-Robertson-Walker(FLRW) universe [12, 13, 14, 15] . The energy flow of a gravitational wave is well known although its expression is different in some of the literature [4, 5, 6, 7, 8, 9] . We derive the energy flow and energy density of a gravitational wave.
In the FLRW universe, the sum of gravitational energy and energy of matter becomes zero everywhere.
Section IV is devoted to conclusions and discussion.
II. GRAVITATIONAL ENERGY-MOMENTUM TENSOR IN GENERAL RELA-

TIVITY
The action of general relativity is represented in a variety of ways as follows,
where e is the determinant of the tetrad e µ a and the gravitational constant G has been set to be unity. Under the following general coordinate transformation [19, 20] ,
the action I is invariant. Here, ξ a is an arbitrary function that is zero on the boundary.
Accordingly, Noether theorem is satisfied as follows.
It is used that the Lie derivative commutes with the usual derivative.
Specifically, the Lie derivatives of F and D λ are
and the Lie derivative of the tetrad is given by
Substituting the Lie derivatives of Eqs. (II.7), (II.8), and (II.11) into the Noether theorem, Eq. (II.6), we obtain
where T ν a is the energy-momentum tensor of matter and we have used the equation of motion. Furthermore, t 
As ξ a is the arbitrary function, Eq. (II.12) reduces to four equations proportional to ξ a , ξ a ,ν , ξ a , νµ , and ξ a , µνλ . They are
We easily find that V Here, the Bianchi identity can be derived.
Next, we consider the angular momentum conservation law of general relativity. To begin, we consider a global coordinate rotation
where ω µν = −ω νµ = const. The Lie derivative of the tetrad is given by
Noether theorem becomes
Here, N µ is Noether current, which is given by Noether theorem is now
From the above equation we obtain a conservation law
which is equivalent to Eq. (II.26).
Next, we consider the GH term, which is introduced in the action when we consider a restricted region. This term is usually given by
where γ is the determinant of the 3-D space-time metric and K is the trace of an extrinsic curvature. K 0 is the trace of the extrinsic curvature obtained from the flat space-time metric, and usually called the subtraction term. ǫ is +1 when the boundary is time-like and is −1
when the boundary is space-like.
The integration of K is expressed in terms of the tetrad as
where n µ is an orthonormal vector of the boundary and N is the lapse function. We assume the boundary to be a ζ = const. hypersurface. In this expression, it is not necessary to introduce ǫ. To construct the GEMT from the GH term, we should treat the GH term as a volume term of a 3-D boundary and not a surface term of the 4-D space-time.
The effect of GH term in the GEMT is given by 
III. GRAVITATIONAL ENERGY
In this section, we consider the GEMT in two examples, gravitational wave and FLRW universe.
As a first example, we consider the GEMT of the gravitational wave. The gravitational wave is usually considered as a weak plane wave in flat space-time. There are two modes in the gravitational wave, but for simplicity we consider only one mode moving in the zdirection. We take a transverse trace-less gauge. Therefore we can assume the metric has the form g µν = diag(−1, 1 + h xx , 1 + h yy , 1). h xx = Acos(kt − kz) = −h yy . As space-time has no boundary, we need not include the GH term in the GEMT. The gravitational wave
is not an exact solution of the Einstein equation, but is a weak field approximation. Hence the Einstein tensor in the GEMT is written with h xx and h yy as an approximation to second order. The (t, t) component of GEMT is given by
The energy density, namely, an average over a wave length of t tt is
The energy flow in the z-direction is written with t tz . This aspect has been described in the literature [4, 5, 6, 7, 8, 9 ], but differences among the results exist. The et tz is obtained as
The average over a period is
These are natural quantities.
As a second example, we consider the FLRW universe, which has the metric
The (tt) component of the GEMT for a FLRW universe is
whereȧ is a time derivative of a scale parameter; the equation of motion is
Here, ρ is the density of matter. The energy-momentum tensor for matter and ρ are related by T tt = ρ. Therefore
holds. In a FLRW universe, the gravitational energy and the energy of matter cancel one another everywhere.
IV. CONCLUSIONS
With the aid of Noether theorem, we have constructed a proper symmetric gravita- In addition, we derived the gravitational energies of the gravitational wave and FLRW universe. The energy density and the energy flow of the gravitational wave are (kA) 2 /32π.In the FLRW universe, gravitational energy and the energy of matter cancel each other out everywhere.
